We study some aspects of cosmologies in 5D models with one infinite extra dimension. Matter is confined to the brane, gravity extends to the bulk. Models with positive and negative tension of the brane are considered. Cosmological evolution of the 4D world is described by warped solutions of the generalized Friedmann equation. Cosmological solutions on the brane are obtained with the input of the present-time observational cosmological parameters. We estimate the age of the Universe and abundance of 4 He produced in primordial nucleosynthesis in different models. Using these estimates we find constraints on dimensionless combinations of the 5D gravitational scale, scale of the warp factor and coupling at the 4D curvature term in the action.
Introduction
Cosmological models with extra dimensions provide an extension of the standard cosmological model and naturally appear in microscopic theories unifying gravity with other interactions. As models of the real world they must be tested as cosmological theories. In this work we study some aspects of cosmologies in 5D models with one infinite extra dimension. Matter is confined to the brane, gravity extends to the bulk.
The action of the model is
where κ 2 = 8π/M 3 , κ 2 1 = 8π/r c M 3 . L m is the Lagrangian of matter on the brane. M is the gravitational scale of the 5D gravity, parameter r c defines the strength of gravity in the 4D term.
Cosmological evolution on the brane is described by solutions of the non-standard Friedmann equation [1, 2, 3, 4, 5, 6, 7] . In the Gaussian normal frame the metric in the bulk is found as a warped solution of the Einstein equations, satisfying Israel junction conditions on the brane with matter.
We consider models with positive and negative tensions of the brane. The latter case is suggested by models with two branes, which allow for a possibility to reconsider the hierarchy problem. In these models the visible brane should have negative tension [8] .
In this work we do not make a fit of observational cosmological data, but taking as the input the set of present-time cosmological parameters (Hubble parameter, fractions of total energy density of cold matter and radiation and deceleration parameter ) we look for constraints on dimensionless combinations of scales of the models which follow from the requirement that the models reproduce the age of the Universe and abundance of 4 He produced in primordial nucleosynthesis. There are no strong constraints on parameters of the models with extra dimensions. Models with the fundamental scale varying in a very broad range of values were considered.
In the framework of the ADD models with large extra dimensions [9, 10] the fundamental scale of theory was taken at the scale of the standard model M SM thus evading the hierarchy problem.
A model with the action [11] 
with compactified extra dimension with the fundamental scale M in the T eV range, compactification radius R ≥ 10 16 m (R ∼ 10 32 GeV −1 ) and R/r c ∼ 10 −4 was argued to be compatible with measurements of the Newton law and cosmological data.
In a number of papers (for a list of refs. see [12] ) cosmology was investigated in different variants of the DGP model [13] . In these models the fundamental scale was taken well below the standard model scale.
In the model proposed in [14] with the action of the form (1) with infinite flat extra dimension the fundamental scale is renormalized by the standard model interactions to the level ∼ 10 −3 eV . The model was argued to be consistent with collider experiments, cosmology and gravity measurements.
In papers [15, 16, 17] for asymptotically flat metrics and in [18] for dS metrics (in the static coordinate system) it was found that with the fundamental scale M in the range ∼ 10 − 10 2 MeV and r c ∼ H −1 0 the models are consistent with observational data. In [16] this was verified with the input of parameters of the standard cosmological model, in [17] was performed more precise comparison of the model with the SN1 and CMB data with the independent fit of parameters of the model (however in [19] difficulties in confronting the DGP model with SN data were reported).
In IIB string theory the RS scenario can be modeled as a stack of branes at the orbifold fixed point with the warping scale µ ∼ M st /(4πgN) 1/4 , where M st and g are the string scale and the string coupling [20] . The scale µ can be made arbitrarily small for large enough number N of stacked branes. Identifying the scale µ with the inverse radius R of extra dimension, a constraint µ ≥ 10 −3 eV was obtained from estimation of corrections to the Newton law in the RSII model [21] .
Although collider physics predictions were mostly discussed within the ADD -like models with the number of extra dimensions n ≥ 2 and with the fundamental scale in the T eV range (for example, [22, 24, 23] ), it was noted that many results remain qualitatively relevant also for models with warped compactifications with the fundamental scale of the same order as in the ADD model.
In the present paper, in models with the action (1), instead of asymptotically flat solutions we consider warped metrics (in the Gaussian normal frame). The fundamental scale M and the scale µ of the exponent in the warp factor of the metric a'priory are practically unconstrained. In this situation we assume that µ is in the range 10 −12 GeV − 10 3 GeV . The lower limit is suggested by precision of measurements of the Newton law, the upper limit is of order of the Standard Model scale.
The non-standard Friedmann equation in the models with extra dimension contains terms quadratic in total energy density and the dark radiation term [3, 4, 5, 6] . To obtain the estimates of the age of the Universe and of abundance of Helium produced in primordial nucleosynthesis it is sufficient to consider "late" cosmology, i.e. times at which the terms quadratic in energy densities are small as compared to the term linear in energy densities.
Comparing predictions of the models with experimental data, we obtain a number of relations connecting dimensionless combinations of parameters of the models. In particular, we find relations
where q 0 and Ω m are present-time acceleration parameter and the fraction of cold matter in the total energy density and the sign corresponds to the sign of tension of the brane. The paper is organized as follows. After briefly reviewing in Sect.1 the one-brane model, in Sect.2 we discuss the model with positive tension of the brane. Two cases are considered separately: those with and without 4D curvature term present in the 5D action. We calculate the age of the Universe and find constraints on the scales of the models which follow from the requirement that the lifetime of the Universe is within the observational bounds..
In Sect.4 the same program is carried out for models with negative tension of the brane. In this case, in distinction to the models with positive tension, for different signs of the combination µr c − 1 the pictures are different. The model with 1 > µr c does not yield correct age of the Universe, the model with µr c > 1 can reproduce the observational data.
In Sect.5 we consider the model without dark radiation term in Friedmann equation. In Sect.6 we calculate abundance of Helium produced in the BBN in the models with positive and negative tensions. More precise constraints on parameters of the models are obtained.
In Conclusions we summarize constraints on parameters obtained in different models.
One-brane model
We start with a brief introduction of 5D models with the action (1). It is assumed that matter is confined to the spatially flat brane and gravity is 5-dimensional. To have homogeneous cosmology on the brane the energy-momentum tensor of matter on the brane is taken in a phenomenological form
whereρ(t) andp(t) are the sums of energy densities and pressures of cold matter and radiation. For the following it is convenient to introduce the normalized expressions for bulk cosmological constant, energy density, pressure and cosmological constant on the brane which all have the same dimensionality GeV
The Einstein equations are solved in a class of metrics of the form
The brane is located at the fixed position y = 0. Using the freedom in parametrization of time, the component of the metric n(y, t) is normalized so that n(0, t) = 1. We study cosmologies on the brane by solving the non-standard Friedmann equation [3, 4, 6, 7] which follows from the system of the Einstein equations and junction (Israel) conditions on the brane (in the following we assume the symmetry y → −y)
, where ρ i , p i i = r, m are densities and pressures of the cold matter and radiation. Equation for the scale factor a(0, t) can be written in the form with the second-order derivatives of the scale factor [3] ,ä
or, starting from the partially integrated system of the Einstein equations, in the form with the first-order derivatives [4, 5, 6 ]
or, equivalently,
where
The function r(z) is a slow function of z which counts, as the function g * (T ) in the expression for radiation energy density as the function of temperature,ρ r = π 2 g * (T )T 4 /30, the number of relativistic degrees of freedom.
C is the integration constant of dimension mass 2 , the term
is interpreted as dark radiation [25, 7] .
is the present-time deceleration parameter. Equation (6) can be obtained from (7) by differentiation over t and the use of conservation equation for energy densities of cold matter and radiation. (1) is absent. Setting in (7) and (6) t = t 0 we have
1 Substituting the explicit z-dependent expressions for energy densities and pressures in Eq.(6) and integrating it we obtain
whereC is the integration constant. Comparing this equation with (7), we obtain the relation between the constants C andC : C =C − 2σρ r0 .
(
We shall consider the period of "late cosmology", when the terms linear in energy densities are dominant in Friedmann equation
From relations (10) and (11), neglecting the terms quadratic in energy densities, we obtain
and
Here we introduced the dimensionless ratio
Using (13) and (14) we present Eq. (7) in a form
Neglecting the terms quadratic in energy densities and setting r(z) = 1, we obtain the Friedmann equation as
The rhs of (17) is positive for all z if
From (13) we obtain that
Below we assume that (µr c )H 2 0 /µ 2 ≪ 1. Because σ/µ ≃ 1, we can write approximately
Although above we neglected the terms quadratic in matter(radiation) densities, it is verified that the bound remains valid with inclusion of these terms.
where Ω m,r =ρ m,r0 /ρ c , andρ c = 3H
is the critical density of the Universe approximately equal to the total present-time energy density, we can present Eq. (10) without the quadratic terms in a form
If we set µM 2 pl /M 3 = 1 and C = 0, we obtain an equation similar to that in the standard 4D cosmology with σ 2 − µ 2 interpreted as the dark energy term. However, in the present case neither C, nor µ and σ are fixed a'priori.
To have a qualitative picture let us consider the form of the Friedmann equation in different regions of z.
(i) Cold matter-dominated region 1 < z + 1 < (Ω m /Ω r ) ∼ 10 4 , where Eq. (16) is approximated by (17) .
(ii) Radiation-dominated region where all z-dependent terms are small as compared to the radiation term
4z
Conditions (20) are fulfilled for
In this region Eq.(16) approximately is
Condition (12) defining the period of late cosmology can be written as
which is approximately the same as (21) .
(iii) Radiation-dominated high-energy region z > 10
, where the term quadratic in densities is dominant, and Friedmann equation takes the forṁ
In both regions (ii) and (iii) one can use an approximate equatioṅ
The age of the Universe
Integrating Eq. (17), we obtain
where the bound (18) From analysis of experimental data it follows that the normalized age of the Universe t 0 H 0 is close to unity ( t 0 H 0 = 0.95 ± 0.08, for a review and refs. see [27] , recent processing of data [28, 29, 30, 31] , related discussion [32] ). From Fig.1 it is seen that for −q 0 in the range 0.5 ÷ 0.6 4 and for p 2 ≃ 3/(q 0 + 1), one obtains t 0 H 0 ≃ 0.94 ÷ 0.96. For larger |q 0 | to obtain t 0 H 0 ∼ 1 one must take larger larger
3 , we can write
Relation p 2 ≃ 3/(1 + q 0 ) can be equivalently written as
The rhs of (27) is close to unity 5 . This is a natural result, because with µM 2 pl /M 3 ≃ 1 the model is close to the standard cosmological model (cf. [26] ). For µ ∼ 10 3 GeV and µ ∼ 10 −12 GeV we obtain 5D scales M ∼ 10 14 GeV and M ∼ 5 · 10 8 GeV . 
Model with 4D curvature term in the 5D action
In this subsection we discuss solutions of the Friedmann equation in the model with curvature term on the brane included in the 5D action (1) .
As in the model with r c = 0, in the present model it is useful to define the period of late cosmology. In the most straightforward way "late cosmology" can be defined as a period in which in the Friedmann Eq.(8) the terms linear in matter (radiation) energy densities are dominant
Additionally we assume that parameter r c is constrained so that
In the most stringent case, for µ ∼ 10 −12 GeV , this condition is valid for µr c < 10 60 . From Eqs. (6) and (7) taken at present time, neglecting quadratic terms, we have
Below from the estimates of the age of the Universe it will be shown that
and thus p 2 ≃ 3/(1 + µr c )(1 + q 0 ). Using in (30) this relation, we have
Taking into account the bound (29), we obtain that
In the following, in expressions containing the factor H 2 0 /µ 2 , we set σ = µ. Provided conditions (28) and (29) are satisfied, Friedmann Eq. (8) in the period of late cosmology can be approximately written as
The first condition (28), σ ≃ µ > ρ(z), is valid for
which is the same as condition (21). The second and the third conditions (28) are satisfied, if the first condition is valid.
Substituting in (33) expressions (30) and (31), we obtain
which is the same as (17) in the case without 4D curvature term up to the substitution
The rhs of (35) is positive if It is seen that the normalized age of the Universe t 0 H 0 is of order unity, if
pl Ω m , we obtain µM
where the combination 3Ω m /2(1 + q 0 ) is of order unity.
4 Model with negative tension of the brane
Model without 4D curvature term in the 5D action
In the model with negative tension on the brane, using Eqs. (10) and (11) with σ = −|σ|, we have Neglecting the terms quadratic in energy densities from these equations we express σ 2 − µ 2 and C
Substituting (40) and (41), we obtain the Friedmann equation as
We neglected the term (r(z) − 1)Ω r /Ω m as compared with 3 + (1 + q 0 )p 2 . In contrast to the model with positive tension of the brane, in the present case we cannot make direct comparison of Eq. (42) with the corresponding relation in the standard cosmological model. However, comparison of the age of the Universe and production of Helium in BBN with the standard cosmological model is possible.
As in the model with positive tension, we distinguish the following regions of z.
(i) Cold matter-dominated region 1 < z+1 < (Ω m /Ω r ) ∼ 10 4 , where Eq.(42) can be approximated as
For q 0 in the physically interesting region |q 0 | < 1 the rhs of (43) is a positive increasing function for all z > 0, and there are no constraints on p 2 . (ii) Radiation-dominated region, in which z > Ω m /Ω r and
In this region Eq.(42) can be written as 
For an estimate we have set t = 0 and the lower limit in (46) to zero. For or equivalently, for µM 2 pl /M 3 ≫ 1, the normalized age of the Universe
is much below the currently accepted estimate H 0 t 0 ≃ 1. As p increases, t 0 H 0 also increases. For p 2 ≫ 1 we find that H 0 t 0 is approximately independent of p. For |q 0 | ∼ 0.5 − 0.6 the age of the Universe is below the observational bounds and smaller than in ΛCDM model with Ω m ≃ 0.3 and Ω m + Ω Λ = 1. To obtain t 0 H 0 ≃ 1 one must take |q 0 | > 0.9 what is outside the allowed region of q 0 [27, 34] .
Model with 4D curvature term in the 5D action
Taking Eqs. (10) and (11) at present time and omitting the terms of higher order in energy densities, we have
From these relations we express σ 2 − µ 2 and C.
Conditions of late cosmology are the same as (28) with the substitution σ → |σ|. Constraining r c so that (µr c
which is the the same as (43) with substitution p 2 → p 2 (1 − µr c ). As it was discussed in the previous subsection, this model does not yield correct age of the Universe.
Let us consider the model with µr c − 1 > 0. In this case we obtain the Friedmann equation in a form similar to Eq. (35) in the model with positive tension of the brane
The rhs of (53) is positive for
In this model, as in the model with positive tension of the brane, we obtain the normalized age of the Universe t 0 H 0 ≃ 1 if p 2 (µr c − 1) ≃ 3/(1 + q 0 ). This condition can be expressed as
Friedmann equation without the dark radiation term
In the model with curvature term on the brane included in the 5D action, the Friedmann equation without the dark radiation term C/a 4 (0, t) takes the form
From this equation written at the current-time we determine the tension of the brane σ as a function of H 2 0 and ρ 0 , or equivalently, of p 2 . The deceleration parameter will be discussed later. As above, we consider the period of late cosmology, when conditions (28) are valid. Eq.(56) can be approximately written as
In the case of positive and negative tensions we have
In the standard cosmology, the expressions for the radiation energy density as functions of t(z) and of temperature of the Universe T arê
In non-standard model, in the period of late cosmology we havẽ
where by tilde we distinguish the non-standard case. The freezing temperature T F of the reaction n ↔ p is estimated as a temperature at which the Hubble parameter H is of order of the reaction rate
. Time dependence of the Hubble parameter in both the standard and non-standard cosmologies is the same H = 1/2t. Using (63) and (64), we obtain the ratio of freezing temperatures in the standard and non-standard cosmologies
The mass fraction of 4 He produced in nucleosynthesis of the total baryon mass is
where the subscript "f" indicates that the ratio is taken at the end of primordial nucleosynthesis, (n/p) f ≃ 1/7 [35] . The equilibrium value of the neutron-proton ratio (n/p)
is very sensitive to the value of T F . The value of X 4 calculated in the standard cosmological model [35] fits well the cosmological data X 4 = 0.25 ± 0.01 [34] . We constrain parameters of the model requiring that the difference between the calculated values of X 4 in the standard and non-standard models is within the experimental errors. Under variation of freezing temperature variation of X 4 is
Variation of X 4 is within the experimental errors for variations of freezing temperature in the range
Comparing T F andT F in (65), we find that variation of X 4 is within the experimental bounds if
where ε = 0.164 8 . Characteristic temperatures of nucleosynthesis are below the neutrino decoupling temperature T ∼ (0.8 ÷ 1)MeV and e ± annihilation temperature ∼ 0.5MeV . At these temperatures the number of effective degrees of freedom in the expression of radiation energy density is constant g * (T ) = 3.36 [35] . Since in this range the number of effective degrees of freedom does not change, parameter r is also constant and equal the present-time value r = 1.
Substituting in (68)
pl Ω m and setting r = 1, we obtain
which is specification of the relation (27) obtained from the estimate of the age of the Universe. Now we can verify that in the non-standard model BBN takes place at the period of late cosmology. In the non-standard model, in the radiation-dominated period, solving Eq. (25) which interpolates between the early and late radiation-dominated periods, we find
From (70) 
Following the same steps as in the model with r c = 0, we obtain that production of Helium is within the experimental bounds if p 2 (µr c + 1)(1 + q 0 ) − 3 2p 2 (µr c + 1)Ω r − 1 < ε,
where ε ≃ 0.164. From (72) we find a constraint on p 2 6Ω r (1 + ε) (1 + q 0 ) < p 2 (1 + µr c )(1 + q 0 ) − 3 < 6Ω r (1 + ε)
and constraint on the scales of the model 3Ω r Ω m (1 + ε) (1 + q 0 ) 2 < M 3 (µr c + 1)
Using the inequalities (73) we obtain the bounds on ρ w0 
Some examples of the best fits of parametersΩ are presented in the Table. ref As an example, substituting parametersΩ ρ andΩΛ from the first line of the table in relations (79), we calculate p 2 = 8.89, b 2 = 0.999. With these numbers we findΩ d = 0.04. Let us estimate the BBN constraints on ratio of the dark radiation to photon energy density at T F ∼ (0.8 ÷ 1 )MeV in the model with r c = 0. Dark radiation and photon energy density scale with z in the same way. Photon energy density is [35] ρ γ (z) = 2 3.36 ρ r0 z 4 .
Here
The bound (75) can be rewritten as With ε = 0.164 and 2(1 + q 0 )/3Ω m = 1.00 we have ρ w ρ γ < 0.55, to compare with the bound −0.4 < ρ w /ρ γ < 0.1 of [41] . Using parameters of best fit of [39] (the first line of the table) we obtain 2(1 + q 0 )/3Ω m = 1.24. In this case −1.1 < ρ w /ρ γ < −0.2 to compare with the result of [39] −1.32 < ρ w /ρ γ < 0.34.
